Abstract. We examine orbifold theories of Grand Unification with Scherk-Schwarz twisting, performing a renormalisation group analysis and applying low energy experimental constraints. We rule out the minimal SU(5) models, and consider simple extensions including additional fields, such as an additional scalar field, or additional symmetries, such as SU (5) × U (1) or E6. We find that it is very difficult to generate a large enough Higgs mass while simultaneously passing LHC experimental search constraints.
Introduction
The Large Hadron Collider's (LHC) triumph on the discovery of the 125 GeV Higgs boson [1] has been tempered somewhat by the lack of evidence of physics beyond the Standard Model (SM). Indeed, Supersymmetry, which was for many years the most popular beyond the SM speculation, is now facing significant exclusions from LHC data [2, 3, 4, 5, 6] . While many of these exclusions are for so-called "simplified models" (see e.g. Refs. [2, 7] ), which make assumptions about the superpartner mass spectrum, these exclusions are particularly hard on models where the supersymmetry breaking parameters are assigned fixed values at some high supersymmetry breaking scale. Indeed the constrained Minimal Supersymmetric Standard Model, which gives all the supersymmetry breaking parameters a common value at a high scale, is now mostly ruled out [8] . However, typical supersymmetric models are complicated by having over 100 additional free parameters (due to the lack of knowledge of the supersymmetry breaking mechanism), so plenty parameter space remains for more non-minimal models of supersymmetry and the LHC will of course continue to search for them.
This naturally leads to two complementary approaches to the search for supersymmetry. Firstly, not all the supersymmetry breaking parameters are important for LHC searches, so one may make very reasonable assumptions about the model (such as no new source of CPviolation, no Flavour Changing Neutral Currents, and first and second generation universality) to reduce the number of parameters. For example, the phenomenological MSSM (pMSSM) [9] has "only" 19 additional parameters, making its investigation at the LHC much more practicable. Alternatively, one may posit mechanisms of supersymmetry breaking at the high scale to predict relations between the supersymmetry breaking parameters, and the consequent low energy spectrum that can be confronted with data. This is often married with a Grand Unified Theory (GUT) in which the SM gauge groups are unified into a larger group.
One interesting idea is that supersymmetry may be broken by the compactification of extra dimensions [10] . An additional extra dimension may have escaped previous detection by being rolled-up with a radius R that is smaller than the resolution of our colliders. Compactifying the extra dimension by imposing additional symmetries results in heavy Kaluza-Klein states [11] and can break supersymmetry as well as any underlying symmetry of grand unification.
The symmetries imposed on the compactified dimension and the representation of the states under these symmetries define the model. In ordinary compactifations, the states transform trivially under these extra symmetries, e.g. φ(x µ , y + 2πR) = φ(x µ , y), where y is the extra dimension. However, if the transformation becomes non-trivial, e.g. φ(x µ , y + 2πR) = T φ(x µ , y) where T is a model dependent operator, the theory is said to have a Scherk-Schwarz twist [10] . In this study we will seek to investigate some simple Scherk-Schwarz models of compactification to test if they are phenomenologically compatible with electroweak symmetry breaking and low energy experimental constraints.
In Section 2 we will describe the theoretical framework of Schrek-Schwarz compactification, including the breaking of supersymmetry and the GUT symmetry, and discuss the placement of fermionic matter. We will describe our methodology for investigating these models in Section 3 as well as list our low energy experimental constraints. Following this we will go on to discuss the results for each model in Sections 4 to 7. These will include the Barbieri, Hall and Nomura SU (5) model [12] in Section 4; an SU (5) model with an additional singlet in Section 5; an SU (5) × U (1) model in Section 6; and an E 6 model in Section 7. In Section 8 we will summarise our findings and draw some conclusions.
Theoretical Framework
Here, we briefly review the theoretical framework of Schrek-Schwarz models. In Section 2.1 we will discuss the compactification and introduce our additional symmetries, and show how this may be projected onto 4 dimensions in Section 2.2. We will demonstrate how this can be used to break supersymmetry and the unification gauge group in Sections 2.3 and 2.4 respectively. Finally we will discuss the placement of fermionic matter in Section 2.5.
Scherk-Schwarz compactification
We first briefly review the Schrek-Schwarz compactification of extra dimensions, following the notation of Quiros [13] , to provide context for our study and set our notation. Here we initially consider only 5-dimensional models and restrict ourselves to flat compactifications. We split our space-time coordinates into x µ , defined on our usual flat Minkowski space-time, and y, our extra coordinate describing the compactified space C of finite size R. We work in the regime E 1/R and integrate out the heavy modes of the theory, resulting in a 4-dimensional effective field theory of the 5-dimensional action.
In general, the compact manifold C may be written in terms of a non-compact manifold M, modded out by a discrete group G, so that C = M/G. The discrete group G acts freely on the manifold M via some operators τ g ,
where the τ g live in the representation space of G. The compact space is obtained by identifying points that belong to the same 'orbit',
which in turn must be reflected in the symmetry of our theory. That is, physics should not be dependent on individual points in y, but rather on their orbits, and our (5-dimensional) Lagrangian must reflect this identification,
where φ(x µ , y) are some generic fields.
Clearly a sufficient condition on these fields is φ(x µ , τ g (y)) = φ(x µ , y), which leads to what we call ordinary compactification. However, a more general necessary and sufficient condition is φ(x µ , τ g (y)) = T g φ(x µ , y), where T g is an appropriate representation of G acting on field space. The case T g = 1 recovers ordinary compactification, but non-trivial T g results in Scherk-Schwarz compactification, which is the main focus of this paper.
The simplest compact space we can use is the circle, C = S 1 , which may be constructed as the identification R 1 /Z, where R 1 is the real line and Z corresponds to a translation of 2πnR with n ∈ Z. The action of the infinite discrete group modulo Z is given by the operators τ n , acting on elements y ∈ R 1 by mapping them onto
where R is the radius of the circle S 1 . Effectively we've taken the real number line R 1 and 'curled' it up, therefore restricting the domain of our manifold to [y, y + 2πR). The first generator of Z, τ 1 = 2πR, will correspond to the only independent 'twist' T , acting on fields φ according to,
since the other operators τ n , n > 1, can be built out of multiple applications of τ 1 . Unfortunately these 5-dimensional models do not allow for chiral fermions [14] , due to the 5D Lorentz algebra containing γ 5 resulting in the smallest irreducible representation being a Dirac fermion. To overcome this we further 'fold' our extra dimension, converting our circle into an interval. This is an orbifold compactification. We assign a parity to our fields under a Z 2 transformation y → ξ(y) = −y,
which identifies the lower half of our circle with the upper half, as seen in Figure 1 . The manifold O = S 1 /Z 2 is no longer smooth but now becomes an orbifold with fixed points at y = 0 and πR. As before, our Lagrangain must remain invariant under this transformation, so the fields transform as
where Z is the parity assignment. When integrating over the 5th dimension and writing our theory as a 4-dimensional effective theory, we will generate an effective tower of Kaluza-Klein states. Under the Z 2 identification the two component spinors within the Dirac fermion will have opposite parities [15] . Those which have an even assignment (i.e. von Neumann boundary conditions) will be allowed to have zero modes whereas the odd ones (i.e. Dirichlet boundary conditions) will not.
Therefore, by choosing our parities we can prevent whichever zero mode we like from appearing, allowing us to lift the right-handed fermions and regain, what is in effect, a chiral theory.
We note that Z 2 = 1, and Z, T must obey the consistency condition,
We can easily see this latter relation geometrically by applying y
, and requiring an analogous relation between the field operators.
Recall that T corresponds to an operator expressing the symmetry defined by G, so we can write T as,
where β a parameterises the symmetry transformation, and λ a are the Hermitian generators. For infinitesimal transformations we may rewrite the consistency condition to O(β 2 ) as,
We will later be interested in fields that transform as doublets under a global SU(2) symmetry.
In this case since Z 2 = 1, we have two choices for Z, i.e. Z = σ 3 or Z = ±1. The latter choice Z = ±1 requires T = ±1 and we recover ordinary compactifications. For the non-trivial case, Z = σ 3 and the generators of T are also Pauli matrices, λ = σ. If T = exp iπσ 3 = 1, we again have an ordinary compactification. The remaining solution T = exp 2πi(β 1 σ 1 + β 2 σ 2 ) may be simplified by rotating away the σ 1 direction whilst preserving σ 3 , so that,
where α parameterises the transformation.
Projecting to 4 dimensions
The building blocks of our 5D theory are hypermultiplets H , and vector multiplets V , which we present in the formalism introduced by Mirabelli and Peskin [16] . The hypermultiplets H consist of complex scalars A i , i = 1, 2 and a Dirac spinor Ψ,
Note that the minimal fermionic matter field in 5D is the Dirac spinor since it is the lowest weight representation of the Lorentz algebra. Furthermore note that Ψ, A i transform as a doublet under SU (2) R [17] , the residual 5D supersymmetry. The Vector multiplets V consist of the 5D gauge fields A M , M = 0. . . 5, gauginos λ i , i = 1, 2, and a scalar Σ in the adjoint representation,
λ i transforms as a doublet under SU (2) R , where λ i are symplectic Majorana spinors,
with λ i L a left handed Weyl spinor. These are defined in the 5D space-time with,
and
where again we emphasize that we're considering a flat extra dimension, ignoring the brane tension (i.e. not a warped scenario). The on-shell vector multiplet V is extended to off-shell by adding a SU (2) R triplet of real valued auxiliary fields X a , a = 1, 2, 3, and the hypermultiplet H is similarly extended by adding a complex doublet of auxiliary fields F i , i = 1, 2,
These fields obey the supersymmetry transformations of Ref. [13] . For the S 1 /Z 2 orbifold, the fixed points at y = 0 and πR provide 4-dimensional Minkowski manifolds, and compactification will result in a tower of Kaluza-Klein states as usual. We may restrict which zero-modes appear by assigning their Z 2 assignment to +1 if the zero-mode is to be allowed and −1 if we want to forbid it. Specifically, by choosing Z = σ 3 , we assign,
where ξ i , i = 1, 2 are the corresponding 5D supersymmetry parameters, which are symplectic Majorana spinors. After orbifolding, the states on the y = 0 brane will obey reduced supersymmetric transformations [13] , and
We see that X 3 − ∂ 5 Σ transforms as a total derivative. The vector multiplet projected onto the brane is then, in the Wess-Zumino gauge, [18, 19] . Analogously for the hypermultiplet, starting with H = (A i , Ψ, F i ), with Dirac spinor Ψ = (ψ L , ψ R ), we have the assignment,
After orbifolding we have,
which also transforms as a total derivative. The off-shell chiral supermultiplet on the y = 0 brane is (A 1 , ψ L , F ) with
The 5D Lagrangian for the gauge fields is the standard 5D Super Yang-Mills Lagrangian [18] ,
The corresponding Lagrangian on the y = 0 brane will have a standard form corresponding to a 4D chiral multiplet coupled to a gauge multiplet (see Quiros [13] ). This gives a bulk and a brane Lagrangian with the added feature of a superpotential W that connects the bulk and brane matter fields via the interaction of chiral superfields on the y = 0 brane, W (Φ 0 , A), where by Φ 0 we mean any general 4D chiral superfield. The 5D Lagrangian for the hypermultiplet H components, ignoring the gauge coupling for now, will be,
The brane Lagrangian involving interactions with matter will then be given by,
Integrating out the auxiliary field F 1 leaves the action,
Supersymmetry breaking
We first demonstrate supersymmetry breaking in the simpler case where gauge symmetry is unaffected. Consider a vector multiplet V = (A M , λ i , Σ) and two Higgs matter hypermultiplets H = (H a i , Ψ a ) , a = 1, 2 which can be rotated into one another under an SU (2) H flavor symmetry. The 5D action will then be invariant under SU (2) R × SU (2) H with a Lagrangian,
as long as the fields are of the appropriate respresentations, e.g.
With our choice of Z = σ 3 we then have the eigenvalues,
which forbids massless Kaluza-Klein modes for the Z = −1 states. The parity operator may be written as a product of operators acting on either the SU (2) R or SU (2) H symmetries,
where the iγ 5 acts only on the spinor indices of the representations to project the left/right handed chirality of the Dirac spinors. Extending the twist operator T to SU (2) R × SU (2) H gives,
where α parameterises the SU (2) R symmetry, and γ the SU (2) H . Under this twist, fields φ must obey our boundary conditions,
where to illustrate the argument we've just taken the action dictated by the SU (2) R field space.
The above has the trivial solution:
whereφ(x µ , y + 2πR) =φ(x µ , y) is a periodic field in y and can be in turn be expanded into its KK modes. Applying this reasoning to our fields, we find,
where each aquires an α and/or γ parameterised exponential according to their transformation properties under SU (2) R × SU (2) H . Applying this to the Lagrangian of Eq. (29), the kinetic part, or more specifically the ∂ 5 derivative, acts on the boundary conditions giving us effective 4D soft SUSY breaking masses as in Barbieri, Hall, and Nomura's model [12] ,
where we've labeled the zero-modes of our solutions,
R . In the language of the MSSM, the Scherk-Schwarz twists have generated universal gaugino breaking terms (m 0 =α), and holomorphic Higgs terms (m 2 Hu = m 2
Gauge Breaking
We have seen how the Scherk-Schwarz compactification provides supersymmetry breaking, but it can also break our GUT's gauge symmetry G to a subgroup H on the brane. To do this, we extend the definition of the parity assignment on the fields with non-trivial gauge structure to,
where α M = ±1 are the previous parity assignments, Λ AB is a matrix with Λ 2 = 1 and eigenvalues ±1, and λ R is a hermitian matrix acting on the representation space of the field ψ R . In order to keep the bulk kinetic term F A M N F A M N invariant, Λ must satisfy,
where f ABC are the structure constants of the gauge group. Since Λ has eigenvalues ±1 it can be written in a diagonal basis as Λ AA = δ AA η A , with η A = ±1. In this basis we have,
where there is no summation over repeated indices. We are free to choose whatever parity assignment η's we like, and break the gauge symmetry, as long as they obey this constraint.
Conversely, setting all η's to 1 recovers the trivial case of Λ = 1, λ R = 1, maintaining the gauge symmetry. To break our group G to a subgroup H we must therefore keep the parities of field components in the directions corresponding to the generators of H even, while setting the others to be odd. We simplfy the treatment by choosing the η A 's such that the generators T A are naturally split into two cases. Firstly, T a with η a = +1 such that the surviving gauge group has generators H = {T a }. These T a transforms as T a → δ aa η a T a = T a so that the automorphism and the subgroup is preserved. Secondly, Tâ with ηâ = −1 such that the broken group has generators K = G /H = {Tâ} (and now Tâ → −Tâ). For example if our gauge group is SU (2) and we choose a = 3;â = 1, 2 we would have SU (2) breaking down to U (1).
The η assignment will also impact the fields that live in the gauge representation space. Since we require the bulk action be invariant, we require the coupling,
remain invariant. To acheive this the λ R matrix must satisfy,
Our choice in Λ has split our representation into two implicit subspaces, with the Z parity assignment dictated by the (anti-)commutation relations. For example, taking SU (5) as the unification gauge group, we may choose Λ such that T a ∈ G SM , Tâ ∈ SU (5)/G SM so that λ R = diag(+1, +1, +1, −1, −1), and the lowest nontrivial SU (5) representation, 5, is naturally separated into 3 ⊕ 2. Fields with Z = −1 are prevented from having zero-modes, and acquire a heavy mass of O(1/R) via the ∂ 5 derivative. The surviving gauge group can use the standard Higgs mechanism to undergo the usual Standard Model electro-weak breaking.
We noted earlier that we can combine our Z and T transformations to form an alternative Z , giving us the equivalent orbifold R 1 /Z 2 × Z 2 . The above gauge breaking argument may be applied to the R 1 /Z 2 × Z 2 orbifold. To this extent the gauge breaking can be assigned to either Z, Z or the translation T or a combination (due to them being isometries obeying the consistency condition in Eq. 8).
The physical symmetry of the theory then consists of the generators T a that simultaneously commute with the chosen forms for Z, Z , T . If we take Z ∼ diag(+, +, +, +, +) and want to achieve SU (5) → G SM breaking, we can chose,
which was explored originally by Kawamura [20] . Note that the simultaneously anti-commuting generators Tâ will determine the presence of non-trivial Wilson lines phases which can lead to Hosotani breaking [21] , depending on the matter content of the theory. The above form of the gauge symmetry breaking assignment is chosen to ensure that we do not have any Wilson line phases present in the 4D theory.
To summarise, the actions of our isometries on field space are defined by,
The Scherk-Schwarz compactification allows us to break both supersymmetry and the unification gauge group on the y = 0 brane.
Fermionic Matter: Brane vs Bulk
The fermionic matter allows some freedom in whether they should be in the bulk as hypermultiplets via L 5 or only on the brane as chiral multiplets via L 4i , i = 0. Their placement will impact the number of required multiplets to provide the low energy Standard Model fields. For clarity, in this discussion we will assume an SU (5) gauge structure. We begin with the simplest placement, brane matter. In this case we use the usual chiral multiplets from an ordinary SU (5) model, i.e. the supersymetric Standard Model fields U, D, Q, L, E which are contained in the T 10 ∼ 10 ⊃ {Q, U, E} and F 5 ∼ 5 ⊃ {D, L}. These representations are now coupled to the Z 2 chiral projection of the Higgs hypermultiplets on the brane via the superpotential W .
We note that when projecting the bulk matter hypermultiplets we form two chiral multiplets defined by either Z = ±1. The components of the hypermultiplet must transform to maintain gauge invariance in the bulk as dictated by the Lagrangian in Eq. (29) . More specifically the components contained in the Z = +1 chiral multiplet will transform as the fundamental of the group while those in the Z = −1 one will transform as the conjugate, which we denote with a superscript c . For an arbitrary matter hypermultiplet, coupled to an SU (5) gauge structure,
Therefore as usual we have,
where
, and we've introduced 3 generations denoted by the index structure j, k. After orbifolding, the H 5 , H 5 automatically acquire a 2 − 3 splitting and the rest of the model's phenomenology is analogous to the usual supersymetric SU(5) GUT.
If on the other hand we put our matter fields as components of hypermultiplets in the bulk we run into another issue. Since all the bulk hypermultiplets will automatically undergo the 2 − 3 splitting induced by the T action, inserting just one of the chiral analogs T 10 , F 5 would result in having some of the states in the Standard Model spectrum projected out, i.e. we would not have the correct zero-mode spectrum. To get around this we must add two copies of each SU (5) fermionic matter hypermultiplet, assigned opposite Z parities with respect to each other. That is, we introduce 4 hypermultiplets T 10 = {T 10 , T c 10 }, T 10 = {T 10 , T c 10 },
}, which we give the Z assignments, 
and analogous assignments for F 5 , F 5 . With these assignments our Lagrangian becomes that presented in Ref. [12] . However with this matter placement we have another added complexity since the individual hypermultiplets transform under the residual SU (2) R symmetry (note that we assume a trivial flavour action acting on T , F ). After orbifolding, the non-trivial SS conditions provide us with squark soft SUSY breaking masses via the kinetic part of the Lagrangian in Eq. (29), along with a contribution to the trilinear squark coupling A 0 via the ∂ 5 Q 2 term in Eq. (28).
Methodology and Constraints
The compactification of the high scale extra dimensional model provides us with an effective 4D softly broken supersymmetric model at high energies. We would like to examine this model's low energy spectrum to ensure that it is phenomenologically consistent with experimental observations. We include as inputs the high scale model parameters and use these to set the soft SUSY breaking parameters. We then use Remormalisation Group Equations (RGEs) to evolve our parameters down to the low scale, where we apply constraints. For a study of Scherk-Schwarz with an electroweak scale compactification, see Ref. [22] .
The RGE running is performed using the FlexibleSUSY [v.2.0.1] [23] spectrum generator which uses numerical routines generated by SOFTSUSY [24] and with two-loop RGEs provided by SARAH [v.4.12.2] [25] . SARAH also provides the electroweak tadpole conditions. For example, in the SU (5) model discussed in Section 4 the high scale inputs areα andγ, which we relate to the soft SUSY breaking parameters via Eqs. (57) and (58), and these are then run down to the low scale where electroweak symmetry is broken and experimental constraints applied.
In principle, the electroweak tadpole equations could set our final low energy observables, the ratio of vacuum expectation values (vevs) of the two Higgs doublets, tan β, and the Z-boson mass. However, for technical reasons it is easier to assign these values at the low scale. This means we have to (temporarily) relax some of our high scale relations between the soft SUSY breaking parameters and the model inputs. We choose to allow our choice of tan β to fixγ and leave µB (the soft SUSY breaking parameter corresponding to the Higgs-higgsino mass parameter) unfixed. Only at the end of the process will we check if µB = −2αγ as required by Scherk-Schwarz compactification. We will refer to this as the 'Scherk-Schwarz condition'. In practice, we will not insist this condition is obeyed exactly, due to the uncertainties arising from the RGE running. Instead we will insist that the Scherk-Schwarz condition is obeyed with 95% confidence. We stress that in principle, this is no different than forcing the relation at high energies and searching for values of tan β that satisfy the tadpole equations.
To explore the parameter space we employ a 'seeded random walk' scanning algorithm. We first sample the phase space with a uniform distribution to find points that produce EWSB and inspect if they come close to satisfying our required constraints (such as the correct Higgs mass), with 'closeness' being defined by a global χ 2 . Then we perform a random walk around each point to search for those with a better fit and if such a point is found it becomes the new seed. This is repeated until we find a point that agrees with the required constraints (if it exists). The search is abandoned if computation time excedes a preset limit. This provides us with points that are theoretically well behaved but may still be experimentally excluded. We therefore then must check LHC and dark matter constraints.
We apply LHC bounds and constraints from the ATLAS and CMS collaborations: For scenarios that pass the LHC constraints and satisfy the Scherk-Schwarz constraint, we apply constraints on the Dark Matter relic density. We use the measurement from Planck [30] ,
and include a further 10% uncertainty arising from the mass difference from MicrOmegas [31] and FlexibleSUSY. We therefore accept points with a dark matter relic density smaller than Ω c h 2 = 0.1275 to allow for the possibility of other sources of Dark Matter.
The Barbieri, Hall and Nomura SU(5) Model
We first model we consider is an SU (5) GUT in 5D, compactified on the S 1 /Z 2 orbifold, as proposed by Barbieri, Hall and Nomura [12] . This model contains a vector multiplet V = (A M , λ i , Σ) and two Higgs hypermultiplets H a = (H a , Ψ a ), a = 1, 2. The 5D action is invariant under an SU (2) R × SU (2) H global symmetry where the fields have the representations
The extra dimension is compactified at a scale 1/R = 10 16 GeV to break both the SU (5) symmetry and the supersymmetry. Under the compactification symmetries y ↔ −y and y ↔ y + 2πR the fields transform with
using the notation of [13] , where the final matrix is acting on the SU (5) space. The derivative with respect to the fifth dimension in the kinetic part of the Lagrangian acts on the boundary conditions giving us effective 4D soft SUSY breaking terms of the form [12] 
where we've labeled the zero-modes as h u = H
R . As previously discussed, we may still choose where to define our matter fields. We may either keep them restricted to the y = 0 brane or allow them to propogate in the 5D bulk. Restricting them to the brane results in the MSSM at low energies with supersymmetry breaking masses given by
where we take the GUT scale M GU T as the compactification scale M GU T = 1/R and definê α = α/R andγ = γ/R. Note that with the brane matter placement the trilinear A 0 still gets a contribution from the ∂ 5 H 2 (dW/dH 1 ) term in Eq. (28). If we instead allow matter in the bulk we gain extra contributions to A 0 and the squark soft SUSY breaking masses which arise from the SU (2) R symmetry. Then we have soft masses as seen in Eq. (57), but now have,
The extra contributions to A 0 and the soft SUSY breaking squark masses arise as a consequence of the matter fields transforming under the SU (2) R symmetry. With 1/R ∼ 10 16 GeV, this model will naturally produce a supersymmetry breaking scale of order the GUT scale, far too high for low energy supersymmetry. In [12] the authors set α and γ to be extremely small, so thatα = α/R andγ = γ/R are of order a TeV. Consequently α and γ must be of order 10 −13 , which presents a fine-tuning problem. Why must they be so small but non-zero? It seems that we have just swapped the gauge hierarchy problem for another fine-tuning problem. We will not tackle this issue here, but only express hope that these small parameters may be caused by the underlying UV completion of the theory.
Once our low energy scenarios are generated in FlexibleSUSY we then confront them with the Scherk-Schwarz condition and the experimental constraints outlined in Sec. 3, Since we have allowed tan β to fixγ our only input parameters areα and tan β. We show generated scenarios in theα-tan β plane in Figures 2 and 3 . The colour bar represents the mass of the lightest Higgs boson which we would like to identify with the discovered 125 GeV resonance. Points denoted with a circle have passed the LHC and DM constraints, and have the desired Higgs mass. In contrast, points that pass the Scherk-Schwarz constraint are denoted by triangles. The fainter points in the background are points that fail these constraints (but are otherwise well behaved). Figure 2 shows scenarios where the matter is kept on the y = 0 brane, while Figure 3 allows matter to propogate in the bulk.
We see that there is no overlap between the points providing the correct Higgs mass, while passing LHC and DM constraints, and those that conform with the Scherk-Schwarz condition. In essence, the Scherk-Schwarz condition prohibits a heavy enough lightest Higgs boson. However, we note that the Higgs boson mass is not too far from its measured value, particularly when matter is allowed to propagate in the bulk, which encourages us to study non-minimal extensions.
An SU(5) model with an additional singlet
We have seen that a minimal SU(5) model does not support Higgs bosons heavy enough to be the observed 125 GeV resonance. However, the Higgs boson mass may gain contributions from additional states in the spectrum, so we now extend our investigation by considering the model with an additional scalar electroweak singlet.
We have two choices for introducing the new scalar: we could introduce a chiral multiplet scalar singlet on the brane S = (s, ψ s ); or introduce a hypermultiplet S = {s i , Ψ S } coupled to the Higgs. Here we will only couple our scalar to the Higgs and to itself, but again consider having matter in both the brane or the bulk.
The most general next-to-minimal superpotential that will result in either of the scalar/matter combinations at the low energy will be that of a general NMSSM:
Note that we have kept an explicit µH u H d term in contrast to the more usual Z 3 -invariant NMSSM for which this term is absent. This is because the model does indeed produce an effective µ via the ∂ 5 derivative, thus breaking the Z 3 symmetry of the NMSSM. Using a shift symmetry we set the linear term L = 0, and will also set M S = 0, not to be confused with m 2 S the soft SUSY breaking mass for the scalar superfield. Our effective holomorphic terms are then a combination of the Scherk-Schwarz SU (2) H flavor breaking along with a contribution arising from the vev of S,
We also assume that the only soft SUSY breaking masses arise from the Scherk-Schwarz mechanism. Therefore our only additional input parameters are κ and λ.
For the simplest case with the scalar S on the brane as a chiral supermultiplet along with brane confined matter. We find soft SUSY breaking masses as in Eqs. (57) and (58), and additionally
This new equation (63) holds also for a bulk fermions too but must be used with Eqs.(57) and (59).
Figure 4: Points for the SU (5) model with an additional scalar S on the brane, and brane matter. We use the same conventions for the points as in Figure 2 .
The results or our analysis for this model are shown in Figures 4 and 5, where we using the same convention for the points as in the previous figures. We allowed the additional parameters λ and κ to vary from 0 to 0.9. We see that without enforcing the Scherk-Schwarz constraint, both versions produce an appropriate low energy SM spectrum with the appropriate Higgs mass. The only significant difference is that bulk matter allows a larger range of tan β values, while the brane matter requires tan β 25. It is also interesting to note that all the acceptable points reside in the region withα 2 TeV indicating that these correspond to a SUSY scale that 'naturally' falls in the O(1 − 10)TeV range.
However, as for the 'vanilla' SU (5) model, the points that pass the Scherk-Schwarz constraint do not overlap with those which pass Higgs and LHC constraints. The contribution to the Higgs mass from the additional singlet has not been sufficient to provide agreement. This is a recurrent theme that we see all through our studies; the points that would originate from the Scherk-Schwarz breaking of SU (2) H , SU (2) R , have difficulty producing a large enough Higgs mass and/or don't pass LHC constraints. This is more pronounced when we have fermions on the brane than when they are in the bulk, but remains true in both cases. Indeed, in the latter case, the Schrek-Schwarz constraint comes rather close to the acceptable phenomenological region, so a closer look is needed. Perhaps we have been overly conservative with our error estimates for µ, µB, and a relaxation of these uncertainties would allow agreement. For example, the maximum Higgs mass for the Scherk-Schwarz points is m H ≈ 116.9 GeV, which is close enough to provide some doubt.
Alternatively we may place the additional scalar in the bulk. To acheive this, we introduce the
, where s i , i = 1, 2 transforms only under the SU (2) R residual supersymmetry. Analogous to our previous treatment, we assign the Z parities,
This projects out the corresponding zero-modes, which are then coupled to our Higgs in the same way as in Eq. (60). Under T , the fields transform according to,
which again will produce a soft SUSY breaking mass for the scalar m 2 S , via the ∂ 5 . In this case of a bulk scalar hypermultiplet S we again have Eq. (57), and either Eq. (58) or Eq. (59) for either brane or bulk fermions respectively. However, instead of Eq. (63) we now have m
The results for these choices are shown in Figures 6 and 7. Our story seems to repeat itself as the Scherk-Schwarz condition is not compatible with the Higgs mass and/or LHC constraints. Once again, the gap is much more pronounced for brane matter than bulk matter, and indeed the gap looks almost absent in Figure 7 . To be clear that there is indeed no overlap in this latter case, we have also plotted the data of Figure 7 as 2α + µB/µ against m H , with tan β as the point's colour in Figure 8 . The Schrek-Schwarz condition is exactly realised for points at 2α + µB/µ = 0 and the spread of points around this value is due to uncertainties. One can clearly see that these points have no overlap with the correct Higgs mass region. Even when we artificially inflate our uncertainties by a factor of 10 (not shown), we do not find an We may also consider a variant of this model similar to the more usual Z 3 -invariant NMSSM but setting our µ = 0, so that the superpotential is
Here we have effectively setγ = 0 and allowed an effective µ and its supersymmetry breaking partner parameter to be generated entirely throught the vev of the new scalar. That is,
Significantly, sinceγ = 0, the Scherk-Schwarz constraint is absent and electroweak symmetry breaking proceeds just like in the NMSSM with freedom to chose tan β. With this constraint gone, we may be hopeful that we can now find an acceptable Higgs mass and avoid LHC constraints. Again we have in principle a choice of brane/bulk scalar, as well as brane/bulk fermions. However, we find that only one combination, scalars on the brane with fermions in the bulk, provides EWSB at all. Unfortunately even this model is unsatisfactory because it is unable to avoid LHC experimental constraints (mainly chargino and neutralino mass constraints) and constraints on the Dark Matter relic density. Removing any of these constraints would allow a significant number of allowed scenarios, but enforcing them all at once rules out the entire parameter space. To provide an example, we show theα-tan β plane with the chargino constraint removed in Figure 9 . The colour of the point now depends on the chargino mass and we can see that they are well below our constraint of 460 GeV described in section 3. Figure 9 : Points for the SU (5) model with an additional scalar S on the brane, bulk matter, and µ = 0. We use the same conventions for the points as in Figure 2 , except that the colour of the point now depends on the chargino mass, and we have not enforced the LHC constraint on this mass.
6. An SU(5) × U(1) model Confronted with the inability of the simplest models to generate a heavy enough Higgs boson while avoiding LHC and Dark Matter constraints, we may once again increase the complexity of our model. Next we will consider an SU (5) model with an additional U (1) symmetry, similar to the USSM. The superpotential is identical to that of Eq. (68), but with the added complexity of the low energy gauge group being extended to G SM × U (1). The additional U (1) is broken at the SUSY scale via the brane scalar (projected or placed), prior to which we assign our fields appropriate charges. The assignment of these charges is arbitrary and model dependent, but it is useful to set them to correspond with those arising from embedding in some larger group such as SO(10) or E 6 (see section 7 for more details).
As an example, we will choose the E 6 inspired charge assignments. The 5D bulk gauge structure is assumed to be SU (5) × U (1), and as in the previous examples, the Schrek-Schwarz compactification, with Z and T unchanged, will break this gauge group on the brane down to G SM × U (1). The E 6 inspired charges under the U (1) group are [32] ,
The high scale boundary conditions and soft SUSY breaking masses remain as those for the SU (5) model with an additional scalar in section 5, namely Eq. (57) and the appropriate choice of Eqs. (58), (59), (63) and (67), depending on the choice of whether the scalar and the fermions are placed on the brane or in the bulk. The difference in the spectra arises due to the presence of the extra U (1) N which will modify the RGEs. In addition the breaking of U (1) N will produce a Z boson, and we exclude points that violate the ATLAS bounds [33] .
Performing our parameter scans for the additional scalar on the brane gives Figures 10 and  11 , for brane or bulk fermions respectively. We see many regions that pass LHC and Dark Matter constraints, but again the points passing the Scherk-Schwarz constraint do not overlap, though they come close when the scalar is on the brane and fermions are in the bulk case, only finally being excluded by the LHC constraints. This pattern repeats if we allow the additional scalar into the bulk, as seen in Figures 12 and 13 . It is interesting that with the additional scalar S in the bulk and fermions on the brane, the constraints favour scenarios with lower tan β. We also examined the same model with µ explicitly set to 0 (soγ = 0), as we did for the model in section 5, to bypass the Scherk-Schwarz constraint. Unfortunately no placement of our fields on brane or bulk were able to produce scenarios with EWSB.
Of course, the setting of our U (1) charges need not follow the pattern of E 6 , as the U (1) may be of some completely different origin. Another obvious example would be a U (1) as a remnant of SO (10), in which case the charge assignments would be [34] ,
However, none of our models with these charge assignments, including fields in the bulk or on the brain and with µ set to 0 or not, were able to provide satisfactory electroweak scale spectra. 7. An E 6 model The first model discussed in section 6 carried the U (1) charge assignments that might arise from a larger E 6 symmetry group. However, if the unification group were indeed E 6 one would expect other additional fields that may survive down to the electroweak scale. An example of such a model is the E 6 SSM [32, 35, 36] , which has a superpotential,
where α, β = 1, 2, 3 and i, j = 1, 2 are generation indices. (For the definitions of these additional fields, see Ref. [36] ). Applying the Schrek-Schwarz high scale boundary conditions, with the 27 and 27 representations placed in the bulk, gives,
and Eq. (59), where ξ ∈ λ, κ ij , λ αβ ,f αβ , f αβ , g D ij , h E iα . In practice, we allow µ L to vary independently, and set the values of m 2
Hu , m 2 S during EWSB. We would then have to check for a new Scherk-Schwarz condition to make sure the full boundary conditions are obeyed. Unfortunately, even without enforcing this new Scherk-Schwarz condition, we find that the boundary conditions on the other parameters at the high scale are so restrictive that we can find no valid low energy scenarios.
We note that the implementation of this model is somewhat different from those described earlier because the the Higgs bosons themselves are in the 27 and 27. Therefore the SU (2) H symmetry should be enlarged to encompass the full 27 and 27. However, here we have taken the simplest route, ignoring this enlarged symmetry and allowing the holomorphic µ L L 4 L 4 term to arise from some another unknown mechanism altogether (that is, allowing it to vary). It is possible that a more non-minimal implementation, where the 27 and 27 symmetry is fully incorparated would have more luck in producing a viable phenomenology, but this is beyond the scope of this paper.
Conclusions
In this investigation we have examined models of Scherk-Schwarz orbifold compactification. In these scenarios, the extra dimension of a 5D space is given periodic boundary conditions and rolled-up to a radius R ∼ 1/M GUT ; the space is folded to provide an orbifold with fixed points in the standard fashion. Scherk-Schwarz compactification differs from standard orbifold compactification in that it allows non-trivial transformations of the fields under the orbifolding symmetries. This Scherk-Schwarz orbifolding allows for the breaking of both supersymmetry and the GUT symmetry.
We apply this compactification to several models of Grand Unification, including SU (5) unification, SU (5) with an additional singlet, SU (5) × U (1), and an E 6 inspired model, all with several variations. The Scherk-Schwarz mechanism provides severe constraints on the supersymmetry breaking parameters at the unification scale. We apply these constraints and use Renormalisation Group equations to evolve the theory down to the electroweak scale, where they are confronted with low energy constraints from the LHC, the Dark Matter relic density and the Higgs mass.
We find that these boundary conditions are very difficult to combine with a 125 GeV Higgs boson. Generally, these models prefer a lighter Higgs boson and rather low tan β, and despite and exhaustive scan and variations in the models we were unable to find parameter choices which simultaneously obeyed all low scale measurement constraints. In cases where the Higgs mass was in the correct range, for example in the SU (5) models with an extra singlet when an effective Higgs-higgsino mass term was entirely generated by the Scherk-Schwarz breaking, the models were ruled out by other low energy constraints such as LHC chargino exclusions.
Although we studied several models with lots of variations, this work does not claim to rule out the Scherk-Schwarz compactification in general. One could imagine having more complicated gauge groups and extra-dimensional geometry which would change the unification constraints on the supersymmetry breaking masses. Indeed, we saw in the implementation of the E 6 gauge group that one additional freedom in allowing an alternative treatment of the large representations that now include the Higgs. However, we are confident in making the claim that Scherk-Schwarz compactification of SU (5) models, SU (5) models with an extra singlet, and SU (5) × U (1) models where the extra dimension is compactified on S 1 /Z 2 are not compatible with electroweak scale obervations. 
